Introduction {#Sec1}
============

**1.1.** This paper gives an introduction to the theory of traces on Poisson algebras developed by the authors in a series of recent papers \[[@CR13], [@CR14], [@CR20], [@CR22]--[@CR25], [@CR50]\]. It is based on two minicourses given by the authors at Cargese (2014) and ETH Zurich (2016).
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                \begin{document}$$A={\mathcal {O}}(X)$$\end{document}$, where *X* is an affine Poisson variety. A *Poisson trace* on *A* is a linear functional $\documentclass[12pt]{minimal}
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                \begin{document}$$\{A, A\}$$\end{document}$, i.e., a Lie algebra character of *A*. The space of such traces is the dual, $\documentclass[12pt]{minimal}
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                \begin{document}$${\textsf {HP}}_0(A) := A /\{A, A\}$$\end{document}$, the abelianization of *A* as a Lie algebra (where $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbf C $$\end{document}$-linear span of Poisson brackets of functions).
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                \begin{document}$${\textsf {HP}}_0(A)$$\end{document}$ is an important but subtle invariant of *A*. For example, it is a nontrivial question when $\documentclass[12pt]{minimal}
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                \begin{document}$$A=\mathcal {O}(V)^G$$\end{document}$, where *V* is a symplectic vector space and *G* a finite group of symplectic transformations of *V*, finite dimensionality of $\documentclass[12pt]{minimal}
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                \begin{document}$${\textsf {HP}}_0(A)$$\end{document}$ used to be a conjecture due to Alev and Farkas \[[@CR1]\]. It is even harder to find or estimate the dimension of $\documentclass[12pt]{minimal}
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                \begin{document}$$A=\mathcal {O}(V)^G$$\end{document}$.

The first main result of the paper is a wide generalization of the Alev--Farkas conjecture, stating that $\documentclass[12pt]{minimal}
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                \begin{document}$$X:={\textsf {Spec}}\,A$$\end{document}$ is a Poisson variety (or, more generally, scheme of finite type) with finitely many symplectic leaves. Namely, the Alev--Farkas conjecture is obtained in the special case $\documentclass[12pt]{minimal}
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                \begin{document}$$X=Y/G$$\end{document}$ where *Y* is an affine symplectic variety, and *G* is a finite group of automorphisms of *Y* (such as symmetric powers of affine symplectic varieties). But there are many other examples, such as Hamiltonian reductions of symplectic vector spaces by reductive groups acting linearly and affine symplectic singularities (which includes nilpotent cones and Slodowy slices, hypertoric varieties). This result can be applied to show that any quantization of such a variety has finitely many irreducible finite-dimensional representations (at most $\documentclass[12pt]{minimal}
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The proof of this result is based on the theory of D-modules (as founded in 1970--1971 by Bernstein and Kashiwara in, e.g., \[[@CR7], [@CR41]\]). Namely, we define a canonical D-module on *X*, denoted *M*(*X*), such that $\documentclass[12pt]{minimal}
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                \begin{document}$$i: X\hookrightarrow V$$\end{document}$ is a closed embedding of *X* into an affine space, then *M*(*X*), regarded as a right $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {D}(V)$$\end{document}$ by the right ideal generated by the equations of *i*(*X*) in *V* and by Hamiltonian vector fields on *X*. We show that if *X* has finitely many symplectic leaves, then *M*(*X*) is a holonomic D-module (which extends well-known results on group actions on varieties). Then, a standard result in the theory of D-modules implies that $\documentclass[12pt]{minimal}
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In fact, this method can be applied to a more general problem, when we have an affine variety *X* acted upon by a Lie algebra $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$X_i$$\end{document}$ (called $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$$X_i$$\end{document}$). Then, we show that if *X* has finitely many $\documentclass[12pt]{minimal}
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                \begin{document}$${{\mathcal {O}}}(X)/\lbrace { \mathfrak {g},{\mathcal {O}}(X)\rbrace }$$\end{document}$ is finite dimensional. The previous result on Poisson varieties is then recovered if $\documentclass[12pt]{minimal}
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                \begin{document}$${{\mathcal {O}}}(X)$$\end{document}$. The proof of this more general result is similar: we define a canonical D-module $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$${{\mathcal {O}}}(X)/\lbrace { \mathfrak {g},{\mathcal {O}}(X)\rbrace }$$\end{document}$ and that it is holonomic if *X* has finitely many $\documentclass[12pt]{minimal}
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                \begin{document}$$M(X,\mathfrak {g})$$\end{document}$ is in fact regular (see, e.g., \[[@CR57], Lemma 1\], \[[@CR40], Theorem 4.1.1\], \[[@CR35], Section 5\]); cf. Remark [6.10](#FPar60){ref-type="sec"} below.
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                \begin{document}$$M(X,\mathfrak {g})$$\end{document}$ makes sense when *X* is not necessarily affine, and $\documentclass[12pt]{minimal}
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The rest of the paper is dedicated to the study of the D-module *M*(*X*) and the Poisson-de Rham homology (in particular, $\documentclass[12pt]{minimal}
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We discuss a number of cases when this conjecture is known: symmetric powers of symplectic surfaces with Kleinian singularities, Slodowy slices of the nilpotent cone of a semisimple Lie algebra, and hypertoric varieties. However, the conjecture is open for an important class of varieties admitting a symplectic resolution: Nakajima quiver varieties.

It turns out that an explicit calculation of *M*(*X*) and the Poisson-de Rham homology of *X* (in particular, $\documentclass[12pt]{minimal}
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The structure of the paper is as follows. In Sect. [2](#Sec3){ref-type="sec"} we define $\documentclass[12pt]{minimal}
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Finite dimensionality of coinvariants under flows and zeroth Poisson homology {#Sec3}
=============================================================================
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Example 2.1 {#FPar1}
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Remark 2.3 {#FPar3}
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On the other hand, it is not always true that *X* is a union of its leaves. Indeed, *X* can sometimes have no leaves at all. For example, let $\documentclass[12pt]{minimal}
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Theorem 2.4 {#FPar4}
-----------

(\[[@CR20], Theorem 3.1\], \[[@CR25], Theorem 1.1\]) If *X* is a union of finitely many $\documentclass[12pt]{minimal}
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Remark 2.5 {#FPar5}
----------
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The first corollary (and the original version of the result in \[[@CR20]\]) is the following special case. Suppose that *X* is an affine Poisson variety, i.e., $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {O}(X)$$\end{document}$ is a Lie algebra such that the adjoint action, $\documentclass[12pt]{minimal}
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Corollary 2.6 {#FPar6}
-------------

\[[@CR20], Theorem 3.1\] Suppose that *X* is Poisson with finitely many symplectic leaves. Then $\documentclass[12pt]{minimal}
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Example 2.7 {#FPar7}
-----------

Suppose that *V* is a symplectic vector space and $\documentclass[12pt]{minimal}
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                \begin{document}$$X_P$$\end{document}$ is a symplectic leaf, we have to show that it is connected. This follows since it is the image under a regular map of a connected set (an open subset of a vector space). As a result, we deduce the following corollary, which was a conjecture \[[@CR1]\] of Alev and Farkas.

Corollary 2.8 {#FPar8}
-------------

\[[@CR5]\] If *V* is a symplectic vector space and $\documentclass[12pt]{minimal}
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                \begin{document}$${\textsf {HP}}_0(\mathcal {O}(V/G))=\mathcal {O}(V)^G/\{\mathcal {O}(V)^G,\mathcal {O}(V)^G\}$$\end{document}$ is finite-dimensional.

In fact, the same result holds if *V* is not a symplectic vector space, but a symplectic affine variety, using the group $\documentclass[12pt]{minimal}
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                \begin{document}$$((T_v V)^P)^\perp $$\end{document}$ (as we do not trivialize the bundle *TV*). Moreover, one has the following more general result:

Corollary 2.9 {#FPar9}
-------------

\[[@CR20], Corollary 1.3\] If *V* is a symplectic vector space (or symplectic affine variety) and $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {O}(V)/\{\mathcal {O}(V),\mathcal {O}(V)^G\}$$\end{document}$ is finite-dimensional.

Remark 2.10 {#FPar10}
-----------

For *V* a symplectic affine variety over $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {O}(V)/\{\mathcal {O}(V),\mathcal {O}(V)^G\}$$\end{document}$ \[[@CR20], Corollary 4.20\], which reduces it to the linear case and to some topological cohomology groups for local systems on locally closed subvarieties:$$\documentclass[12pt]{minimal}
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Remark 2.11 {#FPar11}
-----------

As observed in \[[@CR20], Corollary 1.3\], Corollary [2.9](#FPar9){ref-type="sec"} continues to hold (with the same proof) if we only assume that *V* is an affine Poisson variety with finitely many leaves, and let *G* be a finite group acting by Poisson automorphisms.

Example 2.12 {#FPar12}
------------

One case of particular interest is that of symplectic resolutions. By definition, a resolution of singularities $\documentclass[12pt]{minimal}
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Example 2.13 {#FPar13}
------------

More generally, a variety *X* is called a *symplectic singularity* \[[@CR4]\] if it is normal, the smooth locus $\documentclass[12pt]{minimal}
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Remark 2.14 {#FPar14}
-----------

By definition, every variety admitting a symplectic resolution is a symplectic singularity. However, the converse is far from true. Let $\documentclass[12pt]{minimal}
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Example 2.15 {#FPar15}
------------

Let *V* be a symplectic vector space and $\documentclass[12pt]{minimal}
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Irreducible representations of quantizations {#Sec4}
============================================

**3.1.** We now apply the preceding results to the study of quantizations of Poisson varieties. Let *X* be an affine Poisson variety. Recall the following standard definitions:

Definition 3.1 {#FPar16}
--------------

A deformation quantization of *X* is an associative algebra $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$A_\hbar $$\end{document}$ over $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf k \llbracket \hbar \rrbracket $$\end{document}$ of the form $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$A_\hbar = (\mathcal {O}(X)\llbracket \hbar \rrbracket , \star )$$\end{document}$ where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {O}(X) \llbracket \hbar \rrbracket := \{\sum _{m \ge 0} a_m \hbar ^m \mid a_m \in \mathcal {O}(X)\}$$\end{document}$, and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\star $$\end{document}$ is an associative $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf k \llbracket \hbar \rrbracket $$\end{document}$-linear multiplication such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a \star b \equiv ab \pmod \hbar $$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a \star b - b \star a \equiv \hbar \{a,b\} \pmod {\hbar ^2}$$\end{document}$ for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a,b \in \mathcal {O}(X)$$\end{document}$.

Remark 3.2 {#FPar17}
----------
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Definition 3.3 {#FPar18}
--------------
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Given a deformation quantization $\documentclass[12pt]{minimal}
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Theorem 3.4 {#FPar19}
-----------

Assume that *X* is an affine Poisson variety with finitely many symplectic leaves. Then, for every deformation quantization $\documentclass[12pt]{minimal}
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Here by continuous we mean that the map $\documentclass[12pt]{minimal}
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---------------

If *A* is an algebra over a field *F*, then the characters (i.e., traces) of nonisomorphic irreducible finite-dimensional representations of *A* over *F* are linearly independent over *F*.

Proof of Theorem 3.4 {#FPar21}
--------------------
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Lemma 3.6 {#FPar22}
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Proof {#FPar23}
-----
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Remark 3.7 {#FPar24}
----------

The proof actually implies the stronger result that $\documentclass[12pt]{minimal}
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Proof of Theorem [2.4](#FPar4){ref-type="sec"} using D-modules {#Sec5}
==============================================================

In this section, we explain the proof of Theorem [2.4](#FPar4){ref-type="sec"}. We need the theory of holonomic D-modules. (The necessary definitions and results are recalled in the appendix; see, e.g., \[[@CR36]\] for more details.) An advantage of using D-modules is that the approach is local and hence does not essentially require affine varieties. However, for simplicity (to avoid, for example, presheaves of Lie algebras of vector fields), we will explain the theory for affine varieties and then indicate how it generalizes.

The affine case {#Sec6}
---------------
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### Definition 4.1 {#FPar25}
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### Lemma 4.3 {#FPar27}
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The purpose of the second statement above is to explain what functor is represented by $\documentclass[12pt]{minimal}
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### Remark 4.4 {#FPar29}

We see from the proof that there is a canonical surjection $\documentclass[12pt]{minimal}
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### Lemma 4.5 {#FPar30}
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### Proof {#FPar31}

Recall from ([A.1](#Equ34){ref-type=""}) and ([A.3](#Equ36){ref-type=""}) that$$\documentclass[12pt]{minimal}
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The proof of Theorem [2.4](#FPar4){ref-type="sec"} rests on an estimate for the characteristic variety (singular support) of $\documentclass[12pt]{minimal}
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### Lemma 4.6 {#FPar32}

Suppose *X* is the union of finitely many $\documentclass[12pt]{minimal}
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### Proof {#FPar33}

We make an explicit (and straightforward) computation. For notational convenience, we assume that $\documentclass[12pt]{minimal}
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### Theorem 4.7 {#FPar34}
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We remark that this result, in the case that $\documentclass[12pt]{minimal}
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### Example 4.8 {#FPar35}
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Globalization {#Sec7}
-------------

In this subsection, we briefly explain how to generalize the previous constructions to the not necessarily affine case. If *X* is an arbitrary variety, then we may consider a presheaf $\documentclass[12pt]{minimal}
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As before, without loss of generality, let us assume that $\documentclass[12pt]{minimal}
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### Definition 4.9 {#FPar36}

\[[@CR25], Definition 3.4\] The presheaf $\documentclass[12pt]{minimal}
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### Proposition 4.10 {#FPar37}
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### Remark 4.11 {#FPar38}

In \[[@CR25]\], the above is stated somewhat more generally: one can fix an open affine covering and ask only that $\documentclass[12pt]{minimal}
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With this definition, all of the results and proofs of the previous section, except for Lemma [4.5](#FPar30){ref-type="sec"} (and the proof of Theorem [2.4](#FPar4){ref-type="sec"}) carry over. In particular, Theorem [4.7](#FPar34){ref-type="sec"} holds for arbitrary (not necessarily affine) *X*.

### Example 4.12 {#FPar39}

As in Example [4.2](#FPar26){ref-type="sec"}, we can consider the case where $\documentclass[12pt]{minimal}
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                \begin{document}$$1 \in M(X,\mathfrak {g})$$\end{document}$ to the volume form. This includes the case that *X* is symplectic (and need not be affine), with the symplectic volume form.

### Corollary 4.13 {#FPar40}

If *X* is a (not necessarily affine) Poisson variety with finitely many symplectic leaves, and $\documentclass[12pt]{minimal}
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### Proof {#FPar41}

We only need to observe that the $\documentclass[12pt]{minimal}
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### Remark 4.14 {#FPar42}

Beware that the use of presheaves above is necessary: for a general Poisson variety *X*, the presheaf $\documentclass[12pt]{minimal}
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### Example 4.15 {#FPar43}

Suppose that *V* is a symplectic variety (not necessarily affine) and $\documentclass[12pt]{minimal}
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### Remark 4.17 {#FPar45}

Theorem [4.7](#FPar34){ref-type="sec"} continues to hold in the complex analytic setting, using the results of this section. However, the coinvariants $\documentclass[12pt]{minimal}
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Poisson-De Rham and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathfrak {g}$$\end{document}$-de Rham homology {#Sec8}
=================================================================================

**5.1.** As an application of the constructions of the previous section, we can define a new derived version of the coinvariants $\documentclass[12pt]{minimal}
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Definition 5.1 {#FPar46}
--------------
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Using Sect. [4.2](#Sec7){ref-type="sec"}, this definition carries over to the nonaffine setting, where now $\documentclass[12pt]{minimal}
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Example 5.2 {#FPar47}
-----------

In the case that *X* is Poisson, Definition [5.1](#FPar46){ref-type="sec"} defines a homology theory which we call the *Poisson-de Rham homology*. Recall here that, when *X* is affine, we let $\documentclass[12pt]{minimal}
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Remark 5.3 {#FPar48}
----------

The Poisson-de Rham homology is quite different, in general, from the ordinary Poisson homology. If *X* is an affine symplectic variety, it is true that $\documentclass[12pt]{minimal}
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Theorem [4.7](#FPar34){ref-type="sec"} (now valid for nonaffine *X*) together with Corollary [A.19](#FPar120){ref-type="sec"} implies:

Corollary 5.4 {#FPar49}
-------------
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Example 5.5 {#FPar50}
-----------
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This vector bundle with flat connection need not be trivial. Consider \[[@CR25], Example 2.38\]: $\documentclass[12pt]{minimal}
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Conjectures on symplectic resolutions {#Sec9}
=====================================

**6.1.** In the case where *X* is symplectic, by Example [5.2](#FPar47){ref-type="sec"}, $\documentclass[12pt]{minimal}
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Conjecture 6.1 {#FPar51}
--------------
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                \begin{document}$$M(X) \cong \rho _* \Omega _{{\widetilde{X}}}$$\end{document}$.

We remark first that (b) obviously implies (a), setting $\documentclass[12pt]{minimal}
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Next, note that if one eliminates (a), the conjecture extends to the case where *X* is not necessarily affine. Indeed, part (c) is a local statement, so conjecture (c) for affine *X* implies the same conjecture for arbitrary *X* by taking an affine covering. As before, (c) implies (b) for arbitrary *X*.

Since (c) is a local statement, if it holds for $\documentclass[12pt]{minimal}
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In particular, one can use this to compute $\documentclass[12pt]{minimal}
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Remark 6.2 {#FPar52}
----------
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                \begin{document}$$\rho $$\end{document}$ is semismall \[[@CR37], Lemma 2.11\], it follows from the decomposition theorem \[[@CR2], Théorème 6.2.5\] that $\documentclass[12pt]{minimal}
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                \begin{document}$$M(X)' \cong \rho _* \Omega _{{\widetilde{X}}}$$\end{document}$, and Conjecture [6.1](#FPar51){ref-type="sec"} states that in fact the quotient $\documentclass[12pt]{minimal}
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                \begin{document}$$M(X) \twoheadrightarrow M(X)'$$\end{document}$ is an isomorphism. For more details on the quotient $\documentclass[12pt]{minimal}
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                \begin{document}$$M(X)'$$\end{document}$, see Remark [6.8](#FPar58){ref-type="sec"} below.

Conjecture [6.1](#FPar51){ref-type="sec"} has been proved in many cases, with the notable exception of Nakajima quiver varieties.

Remark 6.3 {#FPar53}
----------

Let *X* be a Nakajima quiver variety. By \[[@CR50], Theorem 4.1\], since formal slices to all symplectic leaves of *X* are formal neighborhoods of Nakajima quiver varieties, to prove Conjecture [6.1](#FPar51){ref-type="sec"} for *X*, it would suffice to prove part (a) for *X* and for all the quiver varieties that appear by taking slices. Thus, the full conjecture for the class of Nakajima quiver varieties would follow from part (a) for the class of Nakajima quiver varieties.

Example 6.4 {#FPar54}
-----------

Let *Y* be a smooth symplectic surface. Then, one can set $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$X = {\textsf {Sym}}^n Y := Y^n / S_n$$\end{document}$, the *n*-th symmetric power of *Y*. In this case one has the resolution $\documentclass[12pt]{minimal}
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                \begin{document}$$\rho : {\widetilde{X}} = {\text {Hilb}}^n Y \rightarrow X$$\end{document}$. In this case, Conjecture [6.1](#FPar51){ref-type="sec"}(c) (and hence the entire conjecture) follows from \[[@CR24], Theorem 1.17\], which gives a direct computation of *M*(*X*) in this case; see Sect. [7](#Sec10){ref-type="sec"} for more details.

Example 6.5 {#FPar55}
-----------
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                \begin{document}$${\widetilde{Y}} \rightarrow Y$$\end{document}$. We obtain from the previous example the resolution $\documentclass[12pt]{minimal}
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                \begin{document}$$\rho _2: {\textsf {Sym}}^n {\widetilde{Y}} \rightarrow {\textsf {Sym}}^n Y$$\end{document}$ to obtain the resolution $\documentclass[12pt]{minimal}
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Example 6.6 {#FPar56}
-----------
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Example 6.7 {#FPar57}
-----------
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Remark 6.8 {#FPar58}
----------

The deformation considered in Example [6.7](#FPar57){ref-type="sec"} is part of a more general phenomenon. For a general projective symplectic resolution $\documentclass[12pt]{minimal}
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Example 6.9 {#FPar59}
-----------

Next suppose that *X* is a conical Hamiltonian reduction of a symplectic vector space by a torus. Such a variety is called a hypertoric cone. More precisely, we can assume the symplectic vector space is a cotangent bundle, $\documentclass[12pt]{minimal}
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                \begin{document}$${\widetilde{X}} := \mu ^{-1}(0)//_\chi (G)$$\end{document}$, mapping projectively to *X*. In the case this is a symplectic resolution, Conjecture [6.1](#FPar51){ref-type="sec"} is proved in \[[@CR50], Theorem 4.1, Example 4.6\], by showing, as we mentioned, that Conjecture [6.1](#FPar51){ref-type="sec"} follows (for conical symplectic resolutions) from its part (a) for slices to the symplectic leaves; since the slices in this case are also hypertoric cones, part (a) follows for these by \[[@CR49]\].

Remark 6.10 {#FPar60}
-----------

As noted in Remark [6.2](#FPar52){ref-type="sec"}, Conjecture [6.1](#FPar51){ref-type="sec"} would imply that *M*(*X*) is regular and semisimple when *X* admits a symplectic resolution. This is not true for general *X*: we will explain in Remark [8.11](#FPar81){ref-type="sec"} that already if *X* is a surface in $\documentclass[12pt]{minimal}
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For regularity, \[[@CR20], Example 4.11\] gives a simple example where *M*(*X*) is not regular: let $\documentclass[12pt]{minimal}
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However, it is an open question whether, if *X* has finitely many symplectic leaves, *M*(*X*) must be *locally regular* on *X*, i.e., all composition factors are rational connections which have no irregular singularities in *X* itself. If this is true, then it would follow that *M*(*X*) is regular whenever *X* is proper (in particular, projective).

Let us remark that in the case when $\documentclass[12pt]{minimal}
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Remark 6.11 {#FPar61}
-----------

There are many other interesting consequences of Conjecture [6.1](#FPar51){ref-type="sec"} which would resolve open questions. For instance, the conjecture implies that every symplectic resolution of *X* is strictly semismall in the following sense: for every symplectic resolution $\documentclass[12pt]{minimal}
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Symmetric powers and Hilbert schemes {#Sec10}
====================================

In this section we would like to discuss results from \[[@CR24]\] on the zeroth Poisson homology of symmetric powers. We continue to set $\documentclass[12pt]{minimal}
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The main results {#Sec11}
----------------
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### Theorem 7.1 {#FPar62}
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If we expand the symmetric algebra on the LHS in ([7.1](#Equ8){ref-type=""}) and dualize, we explicitly obtain the following. Recall that a partition of *n* of length *k* is a tuple $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lambda = (\lambda _1, \ldots , \lambda _k)$$\end{document}$ such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lambda _1 \ge \lambda _2 \ge \cdots \ge \lambda _k \ge 1$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lambda _1 + \cdots + \lambda _k = n$$\end{document}$. If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lambda $$\end{document}$ is a partition of *n*, we write $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lambda \vdash n$$\end{document}$, and let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|\lambda |$$\end{document}$ denote its length. Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$S_\lambda < S_{|\lambda |}$$\end{document}$ be the subgroup preserving the partition $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lambda $$\end{document}$. Explicitly, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$S_{\lambda } = S_{r_1} \times \cdots \times S_{r_k}$$\end{document}$ where, for all *j*,$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \lambda _{r_1+\cdots +r_j} > \lambda _{r_1+\cdots +r_j+1} = \lambda _{r_1 + \cdots + r_j + 2} = \cdots = \lambda _{r_1 + \cdots + r_j + r_{j+1}}. \end{aligned}$$\end{document}$$Then, ([7.1](#Equ8){ref-type=""}) states that, for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n \ge 1$$\end{document}$,$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} {\textsf {HP}}_0(\mathcal {O}(S^n Y)) \cong \bigoplus _{\lambda \vdash n} ({\textsf {HP}}_0(\mathcal {O}(Y))^{\otimes |\lambda |})_{S_\lambda }. \end{aligned}$$\end{document}$$Next, it is well known that if *Y* is connected, then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\textsf {HP}}_0(\mathcal {O}(Y)) \cong H^{\dim Y}(Y)$$\end{document}$, the top cohomology of *Y*, via the isomorphism $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$[f] \mapsto f \cdot {\text {vol}}_Y$$\end{document}$, where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\text {vol}}_Y$$\end{document}$ is the canonical volume form (i.e., the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\frac{1}{2} \dim Y$$\end{document}$-th exterior power of the symplectic form). We can write the above more explicitly using the coefficients $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a_n(i)$$\end{document}$ which give the number of *i*-multipartitions of *n* (i.e., collections of *i* ordered partitions whose sum of sizes is *n*), i.e.,$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \prod _{m \ge 1} \frac{1}{(1-t^m)^i} = \sum _{n \ge 0} a_n(i) \cdot t^n. \end{aligned}$$\end{document}$$

### Corollary 7.2 {#FPar63}
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### Notation 7.3 {#FPar64}
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### Notation 7.4 {#FPar65}
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### Corollary 7.5 {#FPar66}
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Namely, Corollary [7.5](#FPar66){ref-type="sec"} follows from Corollary [7.2](#FPar63){ref-type="sec"} and the computation of $\documentclass[12pt]{minimal}
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Sketch of proof of Theorem [7.1](#FPar62){ref-type="sec"} {#Sec12}
---------------------------------------------------------

The proof of Theorem [7.1](#FPar62){ref-type="sec"} is based on the following theorem, giving the structure of *M*(*X*) when $\documentclass[12pt]{minimal}
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### Theorem 7.6 {#FPar67}

\[[@CR24], Theorem 1.17\]$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} M(S^n Y)\cong & {} \bigoplus _{r_1 \cdot i_1 + \cdots + r_k \cdot i_k = n, 1 \le i_1< \cdots < i_k, r_j \ge 1\, \forall j} \nonumber \\&q_* \bigl ((\Delta _{i_1})_*(\Omega _Y)^{\boxtimes r_1} \boxtimes \cdots \boxtimes (\Delta _{i_k})_*(\Omega _Y)^{\boxtimes r_k} \bigr )^{S_{r_1} \times \cdots \times S_{r_k}}. \end{aligned}$$\end{document}$$

Indeed, Theorem [7.1](#FPar62){ref-type="sec"} (at the level of vector spaces) is obtained from Theorem [7.6](#FPar67){ref-type="sec"} by computing the direct image of *M*(*X*) to the point, and it is not hard to check that the corresponding isomorphism of vector spaces is an algebra map.

Sketch of proof of Theorem [7.6](#FPar67){ref-type="sec"} {#Sec13}
---------------------------------------------------------

Now let us say a few words about the proof of Theorem [7.6](#FPar67){ref-type="sec"}. One can show that all the simple summands *S*, on the right-hand side, are composition factors of *M*(*X*) (by constructing surjections $\documentclass[12pt]{minimal}
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We first show that (a) implies (b). To do this we need to work on $\documentclass[12pt]{minimal}
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As a by-product, we obtain the following theorem:

### Theorem 7.8 {#FPar70}
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Structure of *M*(*X*) for complete intersections with isolated singularities {#Sec14}
============================================================================

In this section we discuss results from \[[@CR25], Sect. 5\] and \[[@CR23]\] concerning *M*(*X*) and $\documentclass[12pt]{minimal}
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### Definition 8.1 {#FPar71}

A variety *X* is said to have isolated singularities if the singular locus of *X* is finite. A function $\documentclass[12pt]{minimal}
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### Definition 8.2 {#FPar72}
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Note that *f* is quasi-homogeneous if and only if $\documentclass[12pt]{minimal}
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### Example 8.3 {#FPar73}
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### Theorem 8.6 {#FPar76}
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### Theorem 8.7 {#FPar77}
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### Conjecture 8.8 {#FPar78}
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### Theorem 8.9 {#FPar79}

\[[@CR23], Proposition 3.11\] Conjecture [8.8](#FPar78){ref-type="sec"} is true if *f* is quasi-homogeneous.

### Remark 8.10 {#FPar80}
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### Remark 8.11 {#FPar81}
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The entire Poisson-de Rham homology similarly forms a graded vector bundle \[[@CR23], Corollary 2.5\], since the dimension of $\documentclass[12pt]{minimal}
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### Theorem 8.13 {#FPar83}
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Sketch of proof of Theorems [8.6](#FPar76){ref-type="sec"}, [8.7](#FPar77){ref-type="sec"} and [8.13](#FPar83){ref-type="sec"} {#Sec17}
------------------------------------------------------------------------------------------------------------------------------
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Sketch of proof of Theorem [8.9](#FPar79){ref-type="sec"} {#Sec18}
---------------------------------------------------------
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Generalization to locally complete intersections and higher dimension {#Sec19}
---------------------------------------------------------------------
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Next, we explain how to generalize to varieties of higher dimension. If $\documentclass[12pt]{minimal}
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### Remark 8.15 {#FPar85}
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Finally, since the D-module *M*(*X*) is defined locally, we actually do not need to require that *X* globally be a complete intersection, only that it locally admits this structure, provided that there is a global skew-symmetric multiderivation $\documentclass[12pt]{minimal}
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Relationship to the Bernstein--Sato polynomial {#Sec20}
----------------------------------------------

In \[[@CR14]\], following a suggestion of the first author, the second author and T. Bitoun relate these results to the theory of the Bernstein--Sato polynomial. Namely, the latter involves the study, for $\documentclass[12pt]{minimal}
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The above results also have a direct application to the Bernstein--Sato polynomial. Recall that the Bernstein--Sato polynomial is defined as the annihilator in $\documentclass[12pt]{minimal}
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### Corollary 8.18 {#FPar88}

\[[@CR14], [@CR52]\] For *f* quasi-homogeneous with an isolated singularity and $\documentclass[12pt]{minimal}
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M. Saito has also demonstrated in \[[@CR52], Example 4.2\] a counterexample to this assertion when the quasi-homogeneity assumption is removed.

Weights on homology of cones {#Sec21}
============================
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Weakly equivariant D-modules and bigrading on Poisson-de rham homology {#Sec22}
----------------------------------------------------------------------

As noted in Sect. [8.4](#Sec18){ref-type="sec"} in a particular situation, when $\documentclass[12pt]{minimal}
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### Definition 9.1 {#FPar89}
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The weight grading on *M*(*X*) comes from a decomposition of *M*(*X*) itself. Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\text {Eu}}_X$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\text {Eu}}_V$$\end{document}$ be the Euler vector fields on *X* and *V*, i.e., $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\text {Eu}}_X(f) = |f| f$$\end{document}$ when $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f \in \mathcal {O}(X)$$\end{document}$ is homogeneous and similarly for *V*. Then, the endomorphism $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Phi \mapsto {\text {Eu}}_V \cdot \Phi $$\end{document}$ of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {D}(V)$$\end{document}$ induces an endomorphism of *M*(*X*), which can also be described as (i) the endomorphism induced by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Phi \mapsto {\text {Eu}}_X \Phi $$\end{document}$ on the D-module $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {D}_X$$\end{document}$ on *X*, and (ii) the endomorphism of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$i_\natural M$$\end{document}$ which on homogeneous elements is $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Phi \mapsto |\Phi | \Phi - \Phi \cdot {\text {Eu}}_V$$\end{document}$. Call this endomorphism $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$T_{{\text {Eu}}}$$\end{document}$. Then, *M*(*X*) decomposes into its generalized eigenspaces under $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$T_{{\text {Eu}}}$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$M(X) = \bigoplus _{m \in \mathbf Z } M(X)_m$$\end{document}$, and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\pi _* M(X)_m$$\end{document}$ is concentrated in weight *m*. This decomposition is important to the proof of the following facts, as well as yielding interesting information in its own right. (It allows one to define, for instance, canonical filtrations on irreducible representations of the Weyl group: see Sect. [9.3](#Sec24){ref-type="sec"} below.)

Symmetric powers of conical surfaces with isolated singularities {#Sec23}
----------------------------------------------------------------
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### Theorem 9.3 {#FPar91}
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### Corollary 9.4 {#FPar92}
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### Remark 9.5 {#FPar93}
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Now let us restrict to the special case where $\documentclass[12pt]{minimal}
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### Corollary 9.6 {#FPar94}
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The Nilpotent cone {#Sec24}
------------------

Next let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$X \subseteq \mathfrak {g}$$\end{document}$ be the cone of nilpotent elements in a semisimple Lie algebra $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathfrak {g}$$\end{document}$. Then, as explained in Example [6.6](#FPar56){ref-type="sec"}, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\textsf {HP}}_*^{DR}(X) \cong H^{\dim X - *}(T^* \mathcal {B})$$\end{document}$, for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$T^* \mathcal {B} \rightarrow X$$\end{document}$ the Springer resolution. This is isomorphic to the cohomology of the flag variety $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {B}$$\end{document}$ itself. However, the source $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\textsf {HP}}_*^{DR}(X)$$\end{document}$ has an additional grading given from the dilation action on *X*. G. Lusztig proposed a formula for the graded Hilbert--Poincaré polynomial \[[@CR50], Conjecture 8.1\]. For *W* the Weyl group attached to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathfrak {g}$$\end{document}$, and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\chi $$\end{document}$ an irreducible representation of *W*, let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$K_{\mathfrak {g},\chi }(t)$$\end{document}$ be the generalized Kostka polynomial, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$K_{\mathfrak {g},\chi }(t) := \sum _{i \ge 0} t^i\dim {\text {Hom}}_W(\chi , H^{2\dim \mathcal {B}- 2i}(\mathcal {B}))$$\end{document}$. Then, G. Lusztig's suggestion was:$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} h\left( {\textsf {HP}}_*^{DR}(X);x,y\right) =\sum _{\chi \in \text {Irrep}(W)} K_{\mathfrak {g},\chi }(x^2) K_{\mathfrak {g},\chi }(y^{-2}). \end{aligned}$$\end{document}$$This is now a theorem \[[@CR13], 1.1\], again making use of \[[@CR34]\].

Note that the fact that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$H^{2 \dim \mathcal {B}-*}(\mathcal {B})$$\end{document}$ has a *W*-action and that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\textsf {HP}}^{DR}_*(X)$$\end{document}$ has a second grading means that the isomorphism $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\textsf {HP}}^{DR}_*(X) \cong H^{2 \dim \mathcal {B}-*}(\mathcal {B})$$\end{document}$ cannot be canonical (indeed, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$K_{\mathfrak {g},\chi }(y^{-2})$$\end{document}$ would have to be a multiple of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\dim \chi $$\end{document}$ if there were a bigrading compatible with the *W* action, and this is false in general). Instead, in \[[@CR13]\], the authors construct a *canonical family of filtrations* on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$H^{2 \dim \mathcal {B}-*}(\mathcal {B})$$\end{document}$, parameterized by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lambda \in \mathfrak {h}^*_{{{\text {reg}}}}$$\end{document}$, with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathfrak {h}$$\end{document}$ a Cartan subalgebra of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathfrak {g}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathfrak {h}^*_{{{\text {reg}}}}$$\end{document}$ the complement of the coroot hyperplanes.

### Theorem 9.7 {#FPar95}
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### Corollary 9.8 {#FPar96}
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### Example 9.9 {#FPar97}
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Finally, we can apply this to the classical W-algebras (see Example [6.7](#FPar57){ref-type="sec"}). This uses the Springer correspondence, which associates with every irreducible representation $\documentclass[12pt]{minimal}
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### Corollary 9.10 {#FPar98}

\[[@CR13], Corollary 2.5\] The Hilbert--Poincaré polynomial of $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} y^{\dim G \cdot e} \sum _{\chi \in \text {Irrep}(W) \mid O_\chi =G \cdot e} \dim L_\chi \cdot K_{\mathfrak {g},\chi }(y^{-2}). \end{aligned}$$\end{document}$$

The hypertoric case {#Sec25}
-------------------

Let *X* be a hypertoric cone as in Example [6.9](#FPar59){ref-type="sec"}, which admits a symplectic resolution. Let $\documentclass[12pt]{minimal}
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                \begin{document}$$\Phi _{\mathcal {A}}(x,y,b) := \Phi _{\mathcal {A}}(x,y,b_1,\ldots ,b_{\mathcal {A}})$$\end{document}$ be the polynomial defined by G. Denham in \[[@CR16]\] using the combinatorial Laplacian.

### Theorem 9.11 {#FPar99}
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                \begin{document}$$h({\textsf {HP}}_*^{DR}(X);x,y) = y^{-\dim X} \Phi _{\mathcal {A}}(x^2-1,y^{-2}-1,y^2)$$\end{document}$.

The above formula is proved via the Tutte polynomial and symplectic leaves, which are interesting in their own right. Let $\documentclass[12pt]{minimal}
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                \begin{document}$$T_{\mathcal {A}}(x,y)$$\end{document}$ denote the Tutte polynomial of the arrangement. The symplectic leaves of *X* are indexed by (coloop-free) flats $\documentclass[12pt]{minimal}
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Conjectural description for conical symplectic resolutions {#Sec26}
----------------------------------------------------------

Finally, we sketch a conjectural description of the bigrading on $\documentclass[12pt]{minimal}
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### Conjecture 9.12 {#FPar100}
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### Remark 9.13 {#FPar101}
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Appendix A. Background on D-modules {#Sec27}
===================================

In this appendix, we recall without proofs one way to define the D-modules we need, via Kashiwara's equivalence (for a reference, see, e.g., \[[@CR36], [@CR42]\]; another approach, via crystals, can be found in \[[@CR3], [@CR30]\]). Then, we recall the definition of holonomic D-modules and the theorem that they are preserved by direct and inverse image.

Definition of D-modules on singular varieties {#Sec28}
---------------------------------------------

### Definition A.1 {#FPar102}

Let *V* be a smooth affine variety. Then, a right D-module on *V* is a right module for the ring $\documentclass[12pt]{minimal}
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### Definition A.2 {#FPar103}
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We caution that the above notion of support, which takes place on *V*, is completely different from the notion of characteristic variety (singular support) which we will use later, which takes place on $\documentclass[12pt]{minimal}
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### Definition A.3 {#FPar104}
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In fact, not every variety admits a closed embedding into a smooth variety, so this definition cannot be used to define D-modules on arbitrary varieties.
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### Theorem A.5 {#FPar106}
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In the case that *X* is an affine variety, there always exists an embedding $\documentclass[12pt]{minimal}
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### Corollary A.7 {#FPar108}

If *X* is an affine variety, there is a category $\documentclass[12pt]{minimal}
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Gluing these categories together by Theorem [A.6](#FPar107){ref-type="sec"}, we obtain a canonical category on general varieties:

### Corollary A.8 {#FPar109}

For a general variety *X*, there is a canonical abelian category $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {D}-\text {mod}_X$$\end{document}$ of quasi-coherent D-modules on *X* such that for every open affine subset $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$U \subseteq X$$\end{document}$, there is a canonical exact restriction functor $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {D}-\text {mod}_X\rightarrow \mathcal {D}-\text {mod}_{U}$$\end{document}$.

### Corollary A.9 {#FPar110}
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### Remark A.10 {#FPar111}

On a singular variety *X* we refer only to D-modules, without specifying right or left, for the following reason. The category $\documentclass[12pt]{minimal}
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There is a global sections functor for D-modules on singular varieties which is defined as follows. In the case *X* is equipped with a closed embedding $\documentclass[12pt]{minimal}
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For a general variety, we can define the global sections functor on D-modules by gluing the functor on affine varieties (which by definition embed into smooth varieties). This is well defined since, for $\documentclass[12pt]{minimal}
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Next, given any (not-necessarily smooth) variety *X*, there is a canonical quasi-coherent D-module, denoted by $\documentclass[12pt]{minimal}
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If *X* is affine, it is actually true, although nontrivial, that the global sections $\documentclass[12pt]{minimal}
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Holonomic D-modules {#Sec30}
-------------------

### Definition A.11 {#FPar112}

A coherent right D-module on a smooth affine variety *V* is a finitely-generated quasi-coherent right $\documentclass[12pt]{minimal}
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### Definition A.12 {#FPar113}

Given a quasi-coherent right D-module *M* on a smooth affine variety *V*, a good (nonnegative) filtration is an filtration $\documentclass[12pt]{minimal}
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As explained in, e.g., \[[@CR36], Theorem 2.13\], every coherent right D-module *M* admits a good filtration: let $\documentclass[12pt]{minimal}
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                \begin{document}$$m > 0$$\end{document}$. Conversely, all quasi-coherent D-modules admitting good filtrations are coherent.

### Definition A.13 {#FPar114}

Given a coherent right D-module *M* on a smooth affine variety *V* equipped with a good filtration, the characteristic variety, $\documentclass[12pt]{minimal}
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One can check that the characteristic variety does not depend on the choice of good filtration. (This follows from \[[@CR36], Theorem 2.13\].) This allows one to extend the notion of characteristic variety to the not-necessarily affine case, since the characteristic variety is defined locally. We conclude that every coherent right D-module on a smooth variety has a well-defined characteristic variety.

### Definition A.14 {#FPar115}

A (nonzero) holonomic right D-module on a smooth irreducible variety *V* is a coherent right D-module whose characteristic variety has dimension equal to the dimension of *V*.

In fact, the characteristic variety is well known to be a coisotropic subvariety of $\documentclass[12pt]{minimal}
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                \begin{document}$$T^* V$$\end{document}$ (by a theorem of Sato, Kawai, and Kashiwara \[[@CR55]\]; see also \[[@CR26]\]), so the (nonzero) D-module is holonomic if and only if this is Lagrangian (and hence has the minimal possible dimension). By convention, the zero module is also holonomic.

Direct and inverse image {#Sec31}
------------------------
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                \begin{document}$$f_*$$\end{document}$ is the derived functor of a right exact functor, and when *f* is an open embedding, $\documentclass[12pt]{minimal}
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                \begin{document}$$f^!$$\end{document}$ is the exact restriction functor). In particular, if *f* is a closed embedding, then $\documentclass[12pt]{minimal}
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                \begin{document}$$f_\natural $$\end{document}$ (now viewed as having target equal to all quasi-coherent D-modules on *Y*). Also, when *f* is a closed embedding, $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {D}$$\end{document}$-modules on *Y* rather than merely those set-theoretically supported on *f*(*X*)). In particular, when *f* is a closed embedding, $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {D}$$\end{document}$-modules supported on *f*(*X*) (more precisely, $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} f_* M&:= Rf_\bullet \left( M \otimes ^L_{\mathcal {D}_X} \mathcal {D}_{X \rightarrow Y}\right) , \quad \mathcal {D}_{X \rightarrow Y} := \mathcal {O}_X \otimes _{f^\bullet \mathcal {O}_Y} f^{\bullet } \mathcal {D}_Y; \end{aligned}$$\end{document}$$ $$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} f^!(M)&:=f^\bullet (M) \otimes ^L_{f^\bullet \mathcal {D}_Y} \mathcal {D}_{Y \leftarrow X}[\dim X - \dim Y], \nonumber \\ \mathcal {D}_{Y \leftarrow X}&:= \Omega _X \otimes _{\mathcal {O}_X} \mathcal {D}_{X \rightarrow Y} \otimes _{f^\bullet \mathcal {O}_Y} f^\bullet \Omega _Y^{-1}. \end{aligned}$$\end{document}$$See \[[@CR36], Sect. 1.3, 1.5\].

### Theorem A.15 {#FPar116}

(e.g., \[[@CR36], Theorem 3.2.3\]) Let $\documentclass[12pt]{minimal}
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                \begin{document}$$f: X \rightarrow Y$$\end{document}$ be a map of smooth varieties and *M* and *N* bounded complexes of quasi-coherent right D-modules on *X* and *Y* whose cohomology D-modules are holonomic. Then $\documentclass[12pt]{minimal}
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                \begin{document}$$f_* M$$\end{document}$ are bounded complexes whose cohomology D-modules are holonomic.

### Corollary A.16 {#FPar117}

Let *X* be an arbitrary variety and *M* a quasi-coherent D-module on *X*. Then, given two closed embeddings $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$i_1: X \rightarrow V_1$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$i_2: X \rightarrow V_2$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(i_1)_{\natural } M$$\end{document}$ is holonomic if and only if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(i_2)_{\natural } M$$\end{document}$ is.

Therefore, we can make the following definition:

### Definition A.17 {#FPar118}

A quasi-coherent D-module *M* on an affine variety *X* is called holonomic if, for any closed embedding $\documentclass[12pt]{minimal}
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                \begin{document}$$i_\natural M$$\end{document}$ is holonomic. A D-module *M* on an arbitrary variety *X* is called holonomic if, for every open affine subset $\documentclass[12pt]{minimal}
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                \begin{document}$$U \subseteq V$$\end{document}$, the restriction $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$M|_U$$\end{document}$ of *M* to *U* is holonomic.

With this definition in place, Theorem [A.15](#FPar116){ref-type="sec"} immediately generalizes to arbitrary varieties. Namely, if $\documentclass[12pt]{minimal}
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                \begin{document}$$f_*: D^b(\mathcal {D}-\text {mod}_X)\rightarrow D^b(\mathcal {D}-\text {mod}_Y)$$\end{document}$ preserving holonomicity:

### Corollary A.18 {#FPar119}
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                \begin{document}$$f: X \rightarrow Y$$\end{document}$ be an arbitrary map of varieties and *M* and *N* bounded complexes of quasi-coherent D-modules on *X* and *Y* whose cohomology D-modules are holonomic. Then, $\documentclass[12pt]{minimal}
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                \begin{document}$$f_* M$$\end{document}$ are bounded complexes whose cohomology D-modules are holonomic.

Observe that when *X* is a point, a holonomic D-module is merely a finite-dimensional vector space (since finite generation reduces to finite dimensionality, and the support condition is trivial). We therefore deduce:

### Corollary A.19 {#FPar120}

If *M* is a complex of quasi-coherent D-modules on a variety *X* with holonomic cohomology and $\documentclass[12pt]{minimal}
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                \begin{document}$$\pi _* M$$\end{document}$ is a complex with finite-dimensional cohomology. In particular, if *M* is a holonomic D-module, then $\documentclass[12pt]{minimal}
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For a proof that the conjecture above is the same as the statement from \[[@CR23]\], see Proposition 3.13 of the arXiv version 1401.5042 of \[[@CR23]\], and apply Grothendieck--Serre duality to identify $\documentclass[12pt]{minimal}
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                \begin{document}$$H^{\dim Y}(Y,\mathcal {O}_Y)$$\end{document}$ with global sections of the logarithmic canonical bundle on *Y*. See also the second paragraph of the proof of \[[@CR14], Lemma 2.5\].
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